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Introduction

Introduction

A very standard question in optimization: first-order
characterization of Pareto optimal allocation;

A non-standard framework: countably many objective functions;
A non-standard space: [[; RLt and the product topology.
A direct proof based on Balasko-Shell
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The model

A standard OLG exchange economy &

Infinitely many dates (t =1,2,---),

at date t,
- a finite set L; of available commodities;
- a finite and non-empty set of consumers Z; living
two periods, consumption set X' = ng X Rf*‘,
endowments e’ € Rk, x RY;
- for each consumer i, a strict preference relation
P; from X' to X'.

S i
Notations: & =3, 7 €
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The model

Assumption A.
a) ForalliinZ, R’ (x") open in X, convex,
x" e P'(x") and x" ¢ P'(x"),
Pi(x') + (RL x RE+1) ¢ Pi(xT).
b) For all i €17, for all x; in the im‘erior of X;,
—Npii(x') is a half line {t'(x") | t = 0},
7(x') e RY 4 X Ri[j; continuous mapping on the
interior of X', ||v'(x")|| = 1.
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Characterization of Pareto optimal allocations

Pareto optimal allocations

x feasible is Pareto optimal (PO) (resp. weakly Pareto optimal

if there is no (y/) in T1; " such that:
(WPO)) if there is no (y') in [],.; X' such that

> oyi=8, fort>1

I.Gz-[,1 UZ;

andforall i € Z, y' € P'(x"), with y’ € P'(x") for at least one
individual i (resp. 3t such that Vit > t, Vi € Z; y' = x').
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Characterization of Pareto optimal allocations

Characterization of WEAK Pareto optimal allocations

Definition

A feasible allocation x = (x') is supported by the price p if for
each t € N, for all i € Zy and for all ¢ € P/(x), My - &' > Ny - x
where My = (pt, Pr+1)-

Lemma

The feasible interior allocation x = (x') is WPO if and only if
there exists a price sequence p which supports x = (x'). Then
M; is collinear to ~'(x') for all t and i € ;.
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Characterization of Pareto optimal allocations

Additional assumptions

x = (x) € [1;ez X" a feasible allocation: Assumption C:
Ir>0,Vi€Z, By (X +ry'(x'),r)\ {x'} c PI(x);
Assumption C’: 37 > 0, forall i € I, V&' < (&, 8141) if
¢ e PI(x'), then&' € B(x' +r+'(x'),T);

Assumption G: 377> 7 > 0,Vi € T o, < Ol - .

v O =
Assumption B: 38 € R} ,, 3¢ > 0, Vt € N*, & < @ and
Vi€ I_O, (§1t7§1t+1) < x'.
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Characterization of Pareto optimal allocations

Proposition

x = (x') € [I,ez X" an allocation supported by
p=(p1,P2,...pt,...) satisfying Assumptions A, C, C’, G and B.
Then, x is Pareto optimal if and only if:
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Sketch of the proof

Aggregation: one consumer at each generation

i ) — Zpi(xl)

i€Z;
yi . — i
- ZieI, X

NPz ((x7)) ﬂ NP'(X'

i€Zs

x Pareto optimal if and only if X Pareto optimal for the
preference relation P;. x supported by a price, then x
supported by the same price.
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Sketch of the proof

A geometric approach

Feasible agregate transfer: h = (h!, bt ) with b, = —h{f].

Net present value: n! = I; - ht
t_ [AYEN]
-

(07

Under Assumption C', h Pareto improving implies o is bounded
above.
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Sketch of the proof

h feasible Pareto improving aggregate transfer, then:
of > I A2
- n

_ LMl [ 1 (.0 t—1\2 1 0 £\2
= L 7||P1H2(77 +...+7 )+7”pt+1H2(77 +...+17"
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Sketch of the proof

Lemma

n a positive sequence in R.

Rog = (P40 + .+ 0f) T2 and B =~

[|Pe+1]12
ol = ||;7|tH”ht”2
M -
= 0 [+ 4t P gl )

Under Assumptions B and C, if o bounded then 3 > 0 such ph
is a feasible Pareto improving aggregate transfer.
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