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Research is built on areas pioneered by Terry:

e Convexity and beyond

e Stochastic programming

e Deviation and risk measures

e Stochastic variational inequalities.



Contents of Presentation

e State of the art of deterministic non-cooperative games

e A class of mean-deviation-composite game

e Some challenging issues

e Inner versus outer iterations: best response and sample ap-
proximations

e The case of private recourse



The abstract generalized Nash equilibrium problem
deterministic, one stage, coupled constraints

N selfish players each (labeled : =1,---,N) with
e a moving strategy set =(z~%) C X* C R™, and
e a cost function (e, 27%) : R™ — R,

both dependent on the rivals’ strategy tuple z—¢ 2 (.az:Z)HEZ cR A HR”
i1i

Anticipating rivals’' strategy x—*, player ¢ solves: minirpiz)e Q’Z-(a:i,a:‘i)
rie=i(x"

A Nash equilibrium (NE) is a strategy tuple x* £ (%) such that

5" € argmin ¢(zh 2o, Vi=1,---,N.
rie=i(xx1)
In words, no player can improve individual objective by unilaterally deviating
from an equilibrium strategy.

The uncoupled case: =i(z*) = X*foralli=1,---N.



State of the art

N
e (i(z) is finite valued for all z € X & [ [ X,
1=1

o (;i(z*, %) is convex in ¢ for fixed x=* (an advanced, albeit limited, treatment
of nonconvexity is possible)

e algorithmically, ¢ (e, 27 ") is required to be continuously differentiable for
treatment by a variational approach

e the partial gradient V.((x) is required to be continuously differentiable,
with dominant VZ2(i(z) over V2 _.((x) for i/ # 4, for the convergence of the
best-response algorithm

e convergence of the best-response algorithm is so far restricted to the un-
coupled case

e Other solution approaches exist, e.g., under monotonicity; but the best-
response approach is the most effective in a distributed environment where
communication among agents is limited.



A class of mean-deviation composite game

Gi(x)

where ;(x; w)

deterministic first-stage

objective

+ Ai

+E

second-stage
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D [yi(e,&)]

positive weight deviation measure

2 minimum
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Several technical challenges

e Possible infeasibility and/or unboundedness of recourse functions jeopardizes
a constructive treatment. [Remedy: relatively complete recourse function]

e Convexity of ¢;(e,27%) could be jeopardized by a general deviation measure
that has the following representation:

D(2) £ EZ — inf E[2Q)].

with Q being the risk envelope associated with D (Rockafellar, Uryasev, and
Zabarankin 2006) [Remedy: focus on a class of deviations]

e The possible non-uniqueness of the minimizer of the value function ;(z; w),
jeopardizes the differentiability in ' [Remedy: regularization]

e The expectation operator needs to be approximated [Remedy: sampling
and/or progressive hedging]

e Monotonicity in a resulting variational formulation, if applicable, is highly
unlikely [Remedy: best-response]

e Coupled first-stage constraints =%(z*) and coupled second-stage constraints
in recourse complicate treatment [Remedy: focus on the uncoupled case]
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Relatively complete recourse

For all x € X and almost all w € €2,

====> N .. . . !
[(D)Tv* = 0, v' > 0] primal feas z:(/w(w)ar7 —£Y(w) | v >0,
j=1

B T
o . ====> ) .. . .
Dizi > 0, Qz' = 0 primal bddness | fi(w) —|—ZG7"7((U)£UJ] 2 > 0.
] ji

Dual program:
T
N
maéigpize [ﬁl(w) — Z C’”(w)aﬂ] vt — % (2)TQ%
) J:l

subject to  —Qiz' + (D)Tv' = fi(w) + ) GV (w)a?
| ji
and v* > 0.
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Classes of deviation measures

e quantile or CVAR based: for v € [0, 1], let
D$D(Z) = ]E{’Y [Z_K”Y(Z)]++(1 —) [Z_"?v(z)]_}

= mintieqlgumE[y (Z-t),+(1—7)(Z2-1t)_],

with the minimizer being the y-quantile x,(Z) of the random variable Z.
e absolute semi-deviation (ASD):

DASD(Z) & E[Z-EZ], = maxi[mﬁij?D(Z),
v€10,1

— max {min]E[y(Z—t)++(1—7) (Z—t)]}

~€[0,1] teR

proved by Ogryczak and Ruszczynski 2002
e absolute deviation (AD):
AD A _
D(Z2) =2 E|IZ-EZ| = 2]E[Z—]EZ]+.

Want a unified treatment of the above deviation functions.
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A unified mean-deviation function

For a parameter XA > 0, let H)(z;t;v) be a function of the triple (z;t;v) and
consider

Zr(z) 2 maxminE [ Hy($(x; @);t;7)], where I 2 [4,7].
~vell  teR

Under a boundedness assumption on ¢, may interchange max-min:

oa(z) = minmaxE[H\(y(z;,w);t;v)]
teR ~el

= min max{E [ Hy($(z; ©); t;7) |, B [HA($(@; @) 7)1}

Special cases: (both with a nonsmooth H))

1
11—~

o Hy(z;t;v) = z4+ A {t+

deviation function

[z—t]+} and ' = {~} lead to a mean-CVAR

e Hy(z;it;v) =t+ (1 =X+ Xy) (z2—t)+A[z—t], and T =[0,1] lead to a

mean-absolute semideviation function.
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Assumptions

For each player 1+ =1,---, N,

(H1): H;.,.(z;ti;v) is Lipschitz continuous; strictly increasing in z for fixed
(ti,v:); convex in (z,t;) jointly for fixed ~;; and linear in ~; for fixed (z,t;).

(H2): a constant n; > 0 exists such that |H;\ (z;ti;v)| < n:(1 4+ ||z]|]) for all
(t;v;) € R x ; and all z of interest.

(T): there exists a compact interval 7; such that the function h; (z; ti; i) =
E [ Hi(¥i(2', 275 ©); ti;vi)] satisfies
minimum h;.y (x; ti; v) = minimum h;.» (x; ti; v:)
teR t:€T;

for all x € X and every ~; € ;.

Resulting in the game with non-differentiable, convex objectives:

minimize [6;(z', ™)+ :
e Xi t,€T;
max (E [ Hiy (i(a!, e~ @); tivi) | E [ Hip (el 5@t ) ] ),
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Private recourse

Yi(e';w) = minimum (Fi()) 2 +L(2)TQi

subject to C*%(w)z! 4+ D'z* > £Y(w)
leads to the following game:

- 9\ N

minimize | 6;(z*, z " (' t;

PEX T z( ) ) + SOZ(' z) ,
private 1

where
pi(z'; t:) £ max (E [ HixWi(z';0)iti;yi) |, E [ Hon,(Wi(a"; @) ti;7:) | )

remains nonsmooth, albeit separable in players’ individual variables.
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Stochastic best-response: set-up

Given vector y € X and tuples: L of positive sample sizes {L;})*;, samples

{w } ~and positive scalars {pj} foreachi=1,---,L;, and with T £ Hﬁ,

i=1
let BR(y; L;w;p) be

N
argmin { Z [0i(2',y™) + pin (e’ ti; W' ) + 5 112" — ' |1?] }

reX;teT -
i=1
p \ N

= ¢ argmin [6i(a",y7") +pir (et p) + 502" =4 7] p
\ separable sample-based optimization in (a',t;) | 1

where ¢; 1 (2% ti; w; p') = pi(x'; t;), such as a sample average approximation:

L;
> ok [ Hip (i@ wh)i tiyi) | Hio, (i(a’; wh)i £ 7,) |
=1

Q.
[ MP
[EY
i
RSO
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Stochastic best-response

Joint sampling and best-response

Step 0. Set v = 0 and generate L,; samples {w’fi, e ,wz;fi} with correspond-
ing probabilities {p;",---,p/"} fori=1,--- ,N. |

Step 1. Solve BR(zY; L,;w?;p?) fori=1,---,N.

Step 2. Set v + v+ 1. Update {L,;}¥,, samples {w;’;i}f;"l, and scalars

AR
{pjl'/’z}j:]_. D

e Proof of almost sure convergence is in progress; based on proof in determin-
istic case (contraction) and statistical properties of sampling approximation
of expectation.

e Each best-response subproblem BR(z?; L,; w?;p”) is @ min-max program in-
volving the (non-differentiable) sampled recourse function ¢;(z*;w?) and pos-

sible non-smoothness in the mean-deviation function Hj (vi(x; w?); ti; vi).
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Coupled second-stage constraints

Recall recourse given by dual program

T

N
maximize £ (w) — g C(w)a? | v — % (2)TQ% — il (v
AR OA —1 2
]_

subject to —Qizi + (D)ot < f@'(w)+ZGij(w)xﬂ'.

JF=i
To ensure differentiability, regularize both primal and dual variables:
T
maximize £ (w) — Z C(w)x) | o' — % (2)TQ%2" — 5 [(2)T2" 4+ (v )"0']
AN =1
subject to —Qz' + (D)Tv' = fi(w)+ ) GY(w)a?

_ JF
and v* > 0.
Let v¢s;(x;w) denote optimal objective value. For fixed s > 0, 1,.; is Lipschitz
and differentiable in z* for all fixed (=%, w) such that constraint is feasible.
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Smoothing the mean-deviation function

For s > O, let

e max(ai,az) ~ slog[exp(ai/s) + exp(az/s)] be an exponential smoothing of
the pointwise max operator; and let

e H.;\ = H;:), be a smooth approximation of H;.»..

Leading to the following smoothed game:

N

{ minimize (Hi(xi,x_i) + R (i i) + %tzz) } )

where h2%°™(z;t;) is given by

1 . 1 . .
s log {exp (IE [; Hi:ys(Yis () w),; ti;zi)D + exp (IE [E H;: s (Vis(;, )5 i %)D} :
At this point, there remain two steps: sampling and best response.
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