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Mathematical program with equilibrium constraints

MP with Equilibrium Constraints

(MPEC)  min  f(x)
s.t. G(x) <0,H(x) <0,G(x)TH(x) =0

complementarity constraints
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Mathematical program with equilibrium constraints

MP with Equilibrium Constraints

(MPEC)  min  f(x)
s.t. G(x) <0,H(x) <0,G(x)TH(x) =0

complementarity constraints

MPEC is a very difficult nonconvex optimization problem since the
usual constraint qualification such as the Mangasarian-Fromovitz
CQ is violated at any feasible point of MPEC. The classical KKT

condition may not hold.
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Mathematical program with equilibrium constraints

Reformulations of MPECs

The complementarity (equilibrium) constraint
G(x) <0,H(x) <0,G(x) H(x) =0
can be reformulated as a geometric constraint

(G(x), H(x)) € © where Q :={(y,z)|0 >y L z <0},
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Mathematical program with equilibrium constraints

Reformulations of MPECs

The complementarity (equilibrium) constraint
G(x) <0,H(x) <0,G(x)"H(x) =0
can be reformulated as a geometric constraint
(G(x), H(x)) € © where Q :={(y,z)|0 >y L z <0},
or as a nonsmooth equation constraint

max{G(x), H(x)} = 0.
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Mathematical program with equilibrium constraints

The regular normal cone to Q at (,2) €

. & =0 if y7<0,z;=0
NQ()_/,E) = (577) Vi =0 if Zi < Ovyi =0
§i>0,7>0 if y=2=0
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Mathematical program with equilibrium constraints

The regular normal cone to Q at (,2) €

. & =0 if y7<0,z;=0
NQ()_/,E) = (577) Vi =0 if Zi < Ovyi =0
§i>0,7>0 if y=2=0

The limiting normal cone of Q at (y,z) € Q is

Na(y,2) = { either & > 0,v; >0

if vi=2 =0
or §ivi =0 Y
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Mathematical program with equilibrium constraints
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Mathematical program with equilibrium constraints
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Mathematical program with equilibrium constraints

Strong stationary condition

Reformulate MPEC as:

(EMPEC)  min  f(x)
s.t.  (G(x),H(x)) € Q.

Let X be a local solution of (MPEC). If MPEC LICQ holds at X,
that is, the gradients of all active constraints

VGi(x)(i € I6(x)), VHi(X)(i € Iu(X))

are linearly independent, then there exist multipliers ()\G, )\H) such
that

0=VFAR)+VG(E)TACHVHE)TAT,  (AC,AF) e No(G(R), H(X))
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Mathematical program with equilibrium constraints

S-stationary condition

Let Q:={(y,z):0>y L z <0} be the complementarity cone.
Since (¢, \) € No(G(X), H(x)) if and only if

A6 =0 if H;i(x)=0,Gi(x)<0
M =0 if Hi(x)<0,Gi(x)=0
A >0, M >0 if G(X)=H;i(X)=0

The S-stationary condition is

0=VF(X)+VG(E)TA® +VH()TAH
A¢ =0 for i such that G;j(X) <0

A =0 for i such that H;(x) <0

A > 0,0 > 0if Hi(x) = Gi(X) = 0.
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Mathematical program with equilibrium constraints

Mordukhovich stationary condition

Reformulate MPEC as:

(EMPECQ) min f(x)
s.t. (G(x),H(x)) € Q.

Let X be a local minimizer and suppose the problem is calm at X.
Then

0=VFR)+VGE)TAHVHE)TAH, (A, \H) € No(G(R), H(X)).
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Mathematical program with equilibrium constraints

M-stationary condition

Let Q:={(y,z): 0>y L z <0} be the complementarity cone.
Since (¢, \) € No(G(X), H(x)) if and only if

A6 =0 if Hi(x)=0,Gi(x)<0
M =0 if Hi(x) <0,Gi(x)=0
either A\® >0, A\ >00r AN =0 if Gi(X)=Hi(x)=0

The M-stationary condition is

0=VF(x)+VG((X)TA® + VH(z)T\H

A¢ =0 for i such that G;j(X) <0

A =0 for i such that H;(x) <0

either A’ > 0, A\ > 0 or AN = 0 if H;(X) = Gi(x) = 0.
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Mathematical program with equilibrium constraints

Clarke stationary condition

min f(x) s.t.®;(x) := max{Gj(x),Hi(x)} =0 i=1,...,m. By
the nonsmooth KKT condition, if the problem is calm at X, then 3
A such that 0 € VF(X) + > ; Xj0®;(X). Since
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Mathematical program with equilibrium constraints

Clarke stationary condition

min f(x) s.t.®;(x) := max{Gj(x),Hi(x)} =0 i=1,...,m. By
the nonsmooth KKT condition, if the problem is calm at X, then 3
A such that 0 € VF(X) + > ; Xj0®;(X). Since

VG,()_() if H,()_<) <0

6<D,-(>‘<) = VH,()_() if G,()_() <0
{OJVG,()?) + (1 - Oé)VH,()_() o€ [0, 1]} if GG=H; =0,
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Mathematical program with equilibrium constraints

Clarke stationary condition

min f(x) s.t.®;(x) := max{Gj(x),Hi(x)} =0 i=1,...,m. By
the nonsmooth KKT condition, if the problem is calm at X, then 3
A such that 0 € VF(X) + > ; Xj0®;(X). Since
VG,()_() if H,()_() <0
6<D,-(>‘<) = VH,()_() if G,()_() <0
{OJVG,()?) + (1 - Oé)VH,()_() o€ [0, 1]} if GG=H; =0,

we can find «; € [0, 1] such that

0= Vf()_() + «; ,'VG,'()_() + (1 — oz,-))\,- VH,()_()

! i

The sign condition is A° A = a;(1 — a;)A\? > 0.
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Mathematical program with equilibrium constraints

W-,S-,M- and C- stationary condition

A feasible X is called a weak stationary point if
0= VF(R)+ VG(X) A + VH(x) T\
A =0if Gi(R) <0, \f =0if H;(x) <0.
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Mathematical program with equilibrium constraints

W-,S-,M- and C- stationary condition

A feasible X is called a weak stationary point if
0= VF(R)+ VG(X) A + VH(x) T\
A =0if Gi(R) <0, \f =0if H;(x) <0.
X is a S-, M-, C- stationary point if it is a W-stationary and
A >0\ >0 if Hi(X) = Gi(x) =0
S Stationary
ceither A¥ > 0, A > 0 or APAl = 0 if Hi(%) = Gi(x) = 0
M Sta‘trionary
AeAH >0 if Hi(x) = Gi(x) =0
<=

C Stationary
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Mathematical program with equilibrium constraints

W-,S-,M- and C- stationary condition

A feasible X is called a weak stationary point if
0= VF(R)+ VG(X) A + VH(x) T\
A =0if Gi(R) <0, \f =0if H;(x) <0.
X is a S-, M-, C- stationary point if it is a W-stationary and
A >0\ >0 if Hi(X) = Gi(x) =0
S Stationary
ceither A¥ > 0, A > 0 or APAl = 0 if Hi(%) = Gi(x) = 0
M Sta‘trionary
AeAH >0 if Hi(x) = Gi(x) =0
<=

C Stationary
In general we have S —= M= C = W
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Optimal Control Problems with Equilibrium Constraints

Optimal control problems

Given a multifunction U : [to, t;] = R™, and a dynamic function
¢ [to, t1] x R” x R™ — R". A control u is a measurable function
on [to, t1] satisfying u(t) € U(t), a.e. and the state corresponding
to a given control u, refers to a solution x of

x(t) = ¢(t,x(t),u(t)) ae. tE€E/Jt,t],
(x(t0),x(t1)) € E,

where E is a given subset in R” x R". Such a pair (x, u) is called
an admissible pair. A standard optimal control problem is to find
an admissible pair (x, u) such that an objective function J(x, u) is
minimized.
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Optimal Control Problems with Equilibrium Constraints

Optimal control problem with equilibrium constraints

(OCPEC):

min  J(x,u) := f(x(t), x(t1))

s.it. x(t) = o(t, x(t), u(t)) a.e.t € [to, t1]
0 < G(t,x(t), ( )) L H(t,x(t),u(t)) >0 a.e.t € [to, t1]
(x(t), x(t1)) €

Here for simplicity we have omitted the possible inequality and
equality constraints and the control constraint u(t) € U(t).
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Optimal Control Problems with Equilibrium Constraints

Optimal control problem with equilibrium constraints

(OCPEC):

min  J(x,u) := f(x(to), x(t1))

s.it. x(t) = o(t, x(t), u(t)) a.e.t € [to, t1]
0 < G(t,x(t),u(t)) L H(t,x(t),u(t)) >0 a.e.t € [to, t1]
(X(to),X(tl)) € E.

Here for simplicity we have omitted the possible inequality and
equality constraints and the control constraint u(t) € U(t).
The equilibrium constraint includes the differential
complementarity constraint introduced by Jong-Shi Pang and
David Stewart (2008) as a special case.
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Optimal Control Problems with Equilibrium Constraints

Optimal control problem with equilibrium constraints

(OCPEC):

min  J(x,u) := f(x(t), x(t1))

s.it. x(t) = o(t, x(t), u(t)) a.e.t € [to, t1]
0 < G(t,x(t), ( )) L H(t,x(t),u(t)) >0 a.e.t € [to, t1]
(x(t), x(t1)) €

Here for simplicity we have omitted the possible inequality and
equality constraints and the control constraint u(t) € U(t).
The equilibrium constraint includes the differential
complementarity constraint introduced by Jong-Shi Pang and
David Stewart (2008) as a special case.

When ty = t1,¢ = 0,x = u, OCPEC becomes MPEC.
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Optimal Control Problems with Equilibrium Constraints

Bilevel Optimal Control Problems-Dynamic Stackelberg
Games

The leader’s decision variable is a vector z and the follower's
problem is an optimal control problem.

Py(z) min  g(x(t1))
s.it. x(t) = o(t, x(t), u(t), z) a.e.t € [to, t1]
x(0) = xo
u(t) € U(t)

The leader’s problem:
Pi: minf(x:(t1))

over all z and all optimal pairs (xz, u;) of Py(z).
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Optimal Control Problems with Equilibrium Constraints

The first order approach

If (x, u) is a solution of the follower's problem P;(z), then by
Pontryagain maximum principle, there exists arc p(t) such that

—p(t) = ViH(t,x(t), u(t), z, p(t)), —p(t1) = Vg(x(t1))
urggé)H(t X(t),uazap(t)) H(t, x(t), u(t), z, p(t))

where the Hamiltonian H(t, x, u, z, p) := ¢(t, x, u, z) - p.
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Optimal Control Problems with Equilibrium Constraints

The first order approach: replacing the maximum Hamiltonian
condition by its necessary optimality condition. Suppose
U(t) :={u: F(t,u) <0}.

FP  min  f(x(t1))
s.t. x(t) = o(t, x(t), u(t), 2)
—p(t) = Vi H(t, x(t), u(t), z, p(t))
VuH(t, x(t), u(t), z) + V,F(t,u(t)) TA(t) = 0,
0> F(t,u(t)) L —X\(t) <0,
x(0) = xo, —p(t1) = Vg(x(t1)),
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Optimal Control Problems with Equilibrium Constraints

The first order approach: replacing the maximum Hamiltonian
condition by its necessary optimality condition. Suppose
U(t) :={u: F(t,u) <0}.

FP  min  f(x(t1))
s.t. x(t) = o(t, x(t), u(t), 2)
—p(t) = Vi H(t, x(t), u(t), z, p(t))
VuH(t, x(t), u(t), z) + V,F(t,u(t)) TA(t) = 0,
0> F(t,u(t)) L —X\(t) <0,
x(0) = xo, —p(t1) = Vg(x(t1)),

This is an optimal control problem with equilibrium constraints!
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Optimal Control Problems with Equilibrium Constraints

Dynamic Nash Equilibria

Each player solves an optimal control problem:

min g (x’, x7Y i u")
xY,uv
s.t.  XY(t) = o(x(t), u”(t)) a.e.t € [to, t1]
x(0) = xg,
u” e U”.

If the control set U is expressed as inequality constraints then the
maximized Hamiltonian condition will lead to complementarity
constraints in the necessary optimality condition.
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Optimal Control Problems with Equilibrium Constraints

Dynamic Stackelberg-Cournot-Nash equilibria

Stackelberg-Cournot-Nash equilibrium: N players (Followers)
competing to optimize their own objectives to reach an Nash
equilibria and the N + 1 th player (Leader) optimizes its own
objective taking into account the reactions of the other N firms
and the effects of their reactions

max f(x,u,0)
st.  (x¥,u”) maximizes g, (x, u, )
st x” = ¢(x"(1), u”(t))
x”(0) = xg,u” € U".
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Optimal Control Problems with Equilibrium Constraints

Dynamic Stackelberg-Cournot-Nash equilibria

Stackelberg-Cournot-Nash equilibrium: N players (Followers)
competing to optimize their own objectives to reach an Nash
equilibria and the N + 1 th player (Leader) optimizes its own
objective taking into account the reactions of the other N firms
and the effects of their reactions

max f(x,u,0)
st.  (x¥,u”) maximizes g, (x, u, )
st x” = ¢(x"(1), u”(t))
x”(0) = xg,u” € U".

If the control sets are inequality constraints, using the Pontryagain

maximum principle to replace the followers' problem, we have an
OCPEC!

Jane Ye Optimal Control Problems with Equilibrium Constraints



Optimal Control Problems with Equilibrium Constraints

In general for dynamic optimization problems, necessary optimality
conditions need much stronger constraint qualifications and have
weaker conclusions than static optimization problems!
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Optimal Control Problems with Equilibrium Constraints

Difficulites of generalizing from MPEC to OCPEC

If we formulate the complementarity constraint as

® = max{G, H} =0, then ® is nonsmooth. No results in the
current literature can be used to deal with nonsmooth equality
constraints. If we treat G < 0, H < 0, GH = 0 as inequality and
equality constraints, the current literature requires Mangasarian
Fromovitz condition which never hold. If we reformulate the
complementarity constraint as

V.= (G,H)eQ:={(y,z):0>y L z<0}
then the Euler inclusion includes the Clarke normal cone

(p,0) € ~Vo p+VWTy, neNS.
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Optimal Control Problems with Equilibrium Constraints

Difficulites of generalizing from MPEC to OCPEC

If we formulate the complementarity constraint as

® = max{G, H} =0, then ® is nonsmooth. No results in the
current literature can be used to deal with nonsmooth equality
constraints. If we treat G < 0, H < 0, GH = 0 as inequality and
equality constraints, the current literature requires Mangasarian
Fromovitz condition which never hold. If we reformulate the
complementarity constraint as

V.= (G,H)eQ:={(y,z):0>y L z<0}
then the Euler inclusion includes the Clarke normal cone
(p,0) € ~Vo p+VWTy, neNS.

But N is the whole space when G; = H; = 0.
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Result of Clarke and de Pinho

Optimal control problems with mixed constraints

In their recent paper "Optimal control problems with mixed
constraints”, SICON 2010, Clarke and de Pinho consider the
optimal control problems with mixed constraints:

(P)  min  J(xu) = Fx(t), x(1))
s.t. x(t) = o(t,x(t),u(t)) ae. té€ [to,t1],
x(t),u(t)) € S(t) ae. te€ [to,t1],

X(to),X(tl)) S E,

—_~

where S(t) be a £ measurable set-valued mapping.
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Result of Clarke and de Pinho

Concept of a local minimum

Given a measurable radius function R : [to, t1] — (0, 00]. A local
minimizer of radius R for problem (P) is an admissible pair (x, us)
that minimizes J(x, u) over all admissible pairs (x, u) which
satisfies

/t () — % (0)dt < &, x — xelloo < &, u(t) — (O] < R(e).

0

In the case where R(t) = oo, the concept coincides with the W11
local minimum and when R(t) = & = oo, it becomes the global
minimum.
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Result of Clarke and de Pinho

Clarke and de Pinho’s Theorem

Let (x*, u™) be a local minimizer of radius R for problem (P).
SoR(t) = {(x u) € S(O) ] Ix = x* (1)l < e, [lu — u* (1) < R(1)}.

Suppose that there exists a measurable function ks such that, for
almost every t € [to, t1], the bounded slope condition holds, that is,

(x,u) € SR(t), (. B) € Ny (x, u) = llol| < ks(1)[B]I

Assume further that there exist measurable functions kf, kZb such
that for almost every t and every (x;, ui) € SoF(¢),

1o, x1, u1) — &t x2, u2) || < KZ(E)lIxe — xell + kg (E)llur — wol|

the functions {kf, kskff} are integrable and there exists 7 > 0 such
that R(t) > nks(t) for almost every t € [to, t1].
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Result of Clarke and de Pinho

Then there exist a number A\g € {0,1} and an arc p such that
(i) the nontriviality condition holds: (Ao, p(t)) #0 Vt € [to, t1];
i) the transversality condition holds:

(i
gp( 0), =p(t1)) € AoV F(x*(t0), x"(t1)) + Ne(x*(t0), x*(t1));

iii) the Euler adjoint inclusion holds: for almost every t € [to, t1],
(B(£),0) € —Vo(t,x"(£), u"(£)T p(E) + N (x* (1), u*(£);

(iv) the Weierstrass condition for radius R: for almost every
t € [to, ta],

(x(8), 1) € 5(1), [lu— u™(8))]] < R(t)
= (p(t), ¢(t, x*(1), v)) < (p(t), d(t,x"(t), u" (1)),
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Result of Clarke and de Pinho

An improved Clarke and De Pinho’s Theorem

We can show that in the Clarke and De Pinho's theorem, the Euler
adjoint inclusion can be improved to:
(iii) for almost every t € [to, t1],

(A(t),0) € —Vo(t,x*(t), (1)) p(t) + co Ns(e)(x*(t), u*(2));

The above Euler adjoint inclusion is sharper than the one in
the Clarke and De Pinho’s theorem in that the Clarke normal
cone is replaced by the convex hull of the limiting normal
cone since the inclusion

coNs(e)(x*(t), u*(t)) C Nsc(t)(x*(t), u*(t)) may be strict!
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Result of Clarke and de Pinho

We reformulate the problem OCPEC as

(P) min J(x,u)

sjt. x(t) = ¢(t,x(t),u(t)) ae. teto,t1],
(x(t),u(t)) € S(t) a.e. tE [to,t1],
(x(to), x(t1)) € E,

where
S(t) == {(x,u) | (G(t,x,u), H(t,x,u)) € Q}
with Q :={(y,z)|[0 > y L z < 0}.
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S-,M-C- and weak stationary condition

Stationary conditions for OCPEC

Theorem: Assume that (x*, u*) is a local minimizer of radius R for
problem (OCPEC). Suppose there exists a measurable function ks
such that, for almost every t € [ty, t1], the local error bound
condition holds for the system

(G(t,x,u),H(t,x,u)) € Q

at (x*(t), u*(t)) and the bounded slope condition holds. Assume
further that the functions {k{, ksk{} are integrable and there
exists 17 > 0 such that R(t) > nks(t) for almost every t € [t, t1].
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S-,M-C- and weak stationary condition

Then there exist a number A\g € {0,1}, an arc p such that
(i) the nontriviality condition holds: (Ao, p(t)) #0 Vt € [to, ta];
ii) the transversality condition holds:

(
(p(t0), —p(t1)) € AoV (x*(to), x*(t1)) + Ne(x*(t0), x*(t2))-
(iv) the Weierstrass condition for radius R hold:

(x(8), 1) € 5(2), [lu— u*(8))]] < R(¢)

= (p(t), ¢(t, x*(1), v)) < (p(t), d(t, x"(t), u"(t))).
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S-,M-C- and weak stationary condition

W-stationary condition for OCPEC

Moreover there exist the first multipliers n¢(t),n(t) which are
measurable functions such that (iii) the Euler adjoint inclusion
holds: for almost every t € [to, t1]

—p(t) = Vio(t, x* (1), u* (1)) T p(t) + Vi G(t, x*(t), u*(£) "n°(t)
+VH(t, x* (1), u*(£)) 0" (¢)

0 = Vug(t, x*(t), u*(t)) " p(t) + VuG(t, x*(t), u*(t)) "n°(t)
+VH(t, x* (1), u*(£) Tt (t)

ne(t)=0if G > 0,9'(t) =0if H; > 0.

Jane Ye Optimal Control Problems with Equilibrium Constraints



S-,M-C- and weak stationary condition

C- stationary condition

If for almost every t € [to, t1], the problem

min - —(p(t), o(t, x*(t), v))
s.t. max{G(t,x*(t),u), H(t,x*(t),u)} = 0.

is calm at u*(t), then there exist the second multipliers A&, AX
such that

0 = Vuo(t, x*(t), u*(t)) " p(t) + VuG(t, x*(t), u™(t)) TAC(¢)
+VuH(t, X" (2), u™(£)) TA" (1)

AS(t) =0if G, >0, \(t) =0if H; >0

A (ON (1) > 0if GG =H; =0
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S-,M-C- and weak stationary condition

M- stationary condition for OCPEC

If for almost every t € [to, t1] the problem

min - —(p(t), o(t, x*(t), u))
s.t. 0> G(t,x*(t),u) L H(t,x*(t),u) <O0.

is calm at u*(t), then there exist the second multipliers A&, AX
such that

0 = Vuo(t, x*(t), u*(£)) T p(t) + VuG(t, x*(t), u*(£)) TAS(t)
+VH(t, X (2), u () TA (1)

AS(t) =0if G; >0, \(t) =0if H; >0

either A°(t) > 0, M\ (t) >0 or ACAF =0if G, =H; =0
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S-,M-C- and weak stationary condition

S- stationary condition for OCPEC

If for almost every t € [to, t1] the problem

muin —(p(t), p(t, x*(t), u))

s.t. G(t,x*(t),u) <0, H(t,x*(t),u) <0,
G(t,x*(t),u) "H(t,x*(t),u) <0

is calm at u*(t), then there exist the second multipliers A¢, A\F
such that

0 = Vuo(t, x*(t), u*(t)) T p(t) + VuG(t,x*(t), u™(t)) "AC ()
+V H(t, X (1), u(8) TAM(2)

AS(t) =0if G, >0, \(t) =0if H; >0

AS(t) >0, A (1) > 0if G=H; =0
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S-,M-C- and weak stationary condition

S-stationary condition for OCPEC under MPEC LICQ

In addition if for almost every t € [to, t;], the MPEC LICQ holds at
u*(t), i.e., the family of the gradients of the active constraints

Vo Gi(t, x* (1), i*(t)) (F € I6)  VuHi(t, x*(t), u*(t)) (i € In)

are linearly independent, then the first and the second multipliers
coincide and the first multipliers also satisfy the sign condition:

n(t) > 0,n/(t) > 0if G; = H; = 0.
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Happy birthday, Terry!
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