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Computational Convex Analysis

Convex Transforms

f(s) = Slip<57><> — f(x)

X — vl
Myf(x) = ir;/f[f(y)+ =1 2)\y|| ]

huaf(x) = =Mu(=Mxf(x))
Pa(fo, fi) = [(1 = N)M(f) + AML(F7)]" — %H |12

pulfo, fii A) = =M, a1 (= [(1 = A)Mpfo + AM,f1])

kx(f1, R2)(x) = inf (1= Mo+ A+ M1 —MNg(yo — y1)]
(I=Xo)yo+Ay1=x
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Computational Convex Analysis

Convex Operators

@ Addition, scalar multiplication

@ Fenchel Conjugate or Moreau envelope

@ Convex Envelope

@ Lasry-Lions double envelope

@ Proximal Average

N
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Computational Convex Analysis

History

Fast Algorithms

FLT Brenier 89, Corrias 96, Lucet 96, Noullez 94, She 92, Deniau
95

LLT Lucet 97

PE Felzenszwalb 04
NEP Lucet 06, Moreau 65
PLT Hiriart-Urruty 07

PLQ Lucet 06
GPH Gardiner 11, Goebel 08
CO Gardiner 10

Fit Gardiner 09
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Computational Convex Analysis

Piecewise Linear-Quadratic Functions

@ Domain is the intersection of linear functions

@ On each piece, the function is quadratic

@ Restrict to continuous functions on ri domf.

\/ Closed class under convex operators

v/ Hybrid symbolic numerical algorithms running in Linear-time.
/ Even nicer for univariate functions.
X Convex envelope of a PLQ function may not be PLQ

X Maximum of two convex PLQ functions may not be PLQ
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Computational Convex Analysis

Conjugate Entities
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A full-domain model. The conjugate model.
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Computational Convex Analysis

Conjugate Entities

A full-domain model. The conjugate model.

9/31



Motivation
°0

Example

f: R2 > R convex?

x?+y2+2 max{0,xy} . -
f(X,Y) = { Ix[+lyl , if (Xay)#(O,O),

0, otherwise.

f component-wise convex

e fi(x,y):=x+yonA; =R; xRy

o f(x, ):f;f;onAg::R,xRJr
@ f3(x,y) :=—x—yonA3:=R_ xR_
o fa(x,y): = X1 on A, =Ry xR_

XY
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Preliminaries
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Convexity = Subdifferentiability

Lemma
Let f : X — ]—o00,+0o0] and let z1 and zy be in D¢. Set

= (1 — t)z1 + tzp, where t € [0,1], and assume that Of (x) # 0.
Then f(x) < (1 — t)f(z1) + tf(z).

Proof
Let x* € 9f(x).

(1—t

~—
—~
><
*
.L\l
|

Zalinescu 2002, Theorem 2.4.1(iii)

If Df = Dyr is convex then f is convex. s
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Convexity = Subdifferentiability

Add continuity, remove finite set

Lemma

Let f: X — ]|—o0,+00] be proper. Assume

° f}D is continuous
f
@ D¢ is convex and at least 2-dimensional
@ there exists a finite subset E of X such that f ‘[x J is convex
for every segment [x,y] contained in (riDf) . E

Then f is convex.

Fails in dimension 1

f(x) = —|x| and E = {0} not dim 2 and not convex
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Compatible Systems: Sets

compatible systems of sets

Assume [ is a nonempty finite set and A := {A;};c; is a system of
convex subsets of X. Note A :=J;, Ai
A is a compatible system of sets if

iel

jely = dANdANHA=ANANHA

i#Jj

@ Any finite system of closed convex sets is compatible

e A; =10,1] x [0,1], A2 =[-1,0] x [0,1]. Then
A=A UA =[-1,1] x[0,1] and riA=]-1,1] x |0, 1].
Thus, A = {A1, A2} is incompatible because

cdAinclAyNriA={0} x]0,1[ # & = AN A Nri A
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Compatible Systems: Sets

Colinearly ordered tuple

colinearly ordered tuple

The tuple of vectors (xp, ..., x,) € X" is said to be colinearly
ordered if

Q [x0, Xn] = [x0,x1] U -+~ U [xp—1, 4]
Q 0< [Ixo =l <lxo =l < <lxo = xall-

| \

Proposition

Assume A is a compatible system of sets Then for every segment
[x,y] contained in ri A, there exists a colinearly ordered tuple
(x0,---,xn) and {Aj,...,A;,} C A such that

Xo=X; Xp=y, and (Vk ef{1,..., n}) [xk—1,xk] C Aj,.
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Compatible Systems: Functions

Compatible System of Functions

Assume
@ / is a nonempty finite
o F :={fi}ies is a system of proper convex functions
@ f := minj¢ f; is piecewise-defined associated with F
o Ir(x)={iel ‘ x € Dy } is the active index set function.

JF compatible system of functions if 1‘}|D’r is continuous and

DfiﬂDG#Q =

ff‘Dfimej = G‘Dﬁanj'
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Lemmas

Compatible System

Assume F is compatible system of functions then

c () ofix)

IGI]: (x)

Colinearly ordered

@ F is compatible system of functions
@ (a, b, c) is colinearly ordered, Dy, = [a, b], Dy, = [b, ¢]
e 0fi(b) N Of(b) # @

Then f is convex and

oh(x), if x € [a, b[;
= [ 0fi(x) =S 9h(b)NOR(b), ifx=b
ibs Oh(x), if x ]b,c].
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Main Results

Main Result |

@ F is a compatible system of functions
@ Dr = J;; Df is convex and at least 2-dimensional.
@ {Df}ies is a compatible system of sets
o JE C X finite
x € (iDf) N Eand [I(x)[ > 2= (g Ofi(x) # @

Then f is convex and

(Vx €riDf) @#0f(x)C () 9fi(x).
i€l(x)
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Main Results

Ignore Finite number of points

@ No need to check subdifferential nonemptyness at a finite
number of points

@ f convex implies subdifferential nonempty even at these
(unchecked) points

Domain compatibility is required

fi =tp1x[0,1 and =t 10[x[o,1 T 1

@ F is a compatible system of functions.
e Df =[-1,1] x [0,1] is convex
@ {Df NriD¢}ics is not a compatible system of sets.

@ f is not convex.
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Main Results

Main Result Il

@ F is a compatible system of functions

fi is differentiable on int D¢ # &

D¢ = ;¢ Dr. is convex and at least 2-dimensional.
{D¢ }ics is a compatible system of sets

There exists a finite subset E of X such that

x € (intDf) N E : N : .
(i} C I(x) }:> lim Vfi(z)= lim Vfi(z) exists.

z€int Df, z€int Df,
U J

Then f is convex and C! on (intD¢) \ E.
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Main Results

Corollary

@ F is a compatible system of functions
@ Df = Jj¢; Dy, is convex and at least 2-dimensional.
© {D¢ }ics is a compatible system of sets

@ f is continuously differentiable on int Dy.

Then f is convex.
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Example: PLQ

PLQ functions

@ F is a compatible system of functions

@ D¢ is closed, fi(x) = 1/2(x, Aix) + (bi,x) + i

e A=Al =0

@ Df = Jjc; Dy is convex and at least 2-dimensional.

{i,j} C1,i#j,x € Ds NDs = Aix + b; = Ajx + by.

Then f is convex.

CPLQ Structure

JIE SUN, On the structure of convex piecewise quadratic functions
JOTA 1992
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Example

f: R2 > R convex?

x?+y2+2 max{0,xy } . -
f(x,y) ::{ X[+ . if (x,y) # (0,0);

0, otherwise.

o {fi}ic/ is a compatible system of functions

® {Dr}ici = {Ai}ies is a compatible system of sets
@ f; is differentiable on int A;
@ Hessian of each f; is positive semi-definite on A;
°
ol T gl VR O

Take E := {(0,0)} we deduce f convex, C! away from (0,0).
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Conclusion

Conclusion

o Sufficient condition for convexity
@ Only needs to check boundaries

@ Can ignore finite number of points
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Computational Convex Analysis Toolbox

http://atoms.scilab.org/toolboxes/CCA

Computational Convex Analysis

(22/2803 downloads)
manipulating and visual

ing convex functions.

—Detail

Version 1.6.2-2
Author(s) Yves Lucet
Entity University of British Celumbia - Okanagan
Package maintainer Yves Lucet
Categories Optimizaticn
Medeling and Control Tools
Optimizatien - General
WebSite https://people_ck ubc calylucet/cca phpe?
License GPL (3.0)

o

Supported Scilab >=
Versions

Creation Date 10th of May 2015
ATOMS packaging

system Available on é &c‘ Qi’l

How To Install atomsinstall(CCA")

29/31



Conclusion
°0

West Coast Optimization Meeting

West Coast Optimization Meeting

@ Kelowna, BC, Canada
@ October 10, 2015

@ https://ocana.ok.ubc.ca/seminars.php
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West Coast Optimization Meeting

Happy Birthday Terry
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